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Abstract. Kinematic wave modeling is used to evaluate possible responses of the Greenland ice 
sheet o changes in its surface mass balance. In the approach followed here the reference state is 
defined based on measured velocity and discharge flux along the central flow line of Petermann 
Glacier in the northwest, and perturbations on this state are considered. The results indicate that 
significant rates of thickness change can occur immediately after the prescribed change in surface 
mass balance but adjustments in flow rapidly diminish these rates to a few centimeters per year at 
most. Full adjustment of the ice sheet requires times of the order of 1000 years. The instability 
mechanism known as the Jakobshavn Effect is discussed and, based on observational evidence as 
well as results from prior modeling studies, it is concluded that this is an unlikely mechanism for 
destabilizing major drainage basins of the Greenland ice sheet. 
1. Introduction 
One important finding that has come out of the concerted Pro- 
gram for Arctic Regional Climate Assessment investigations is 
that parts of the Greenland ice sheet are currently undergoing 
dramatic change. Applying the conventional method of compar- 
ing net input at the surface averaged over the period 1971-1990 
(R. C. Bales et al., Accumulation map for the Greenland Ice 
Sheet, 1971-1990, submitted to Geophysical Research Letters, 
2001) to discharge through exit gates circumnavigating the ice 
sheet close to the 2000 m elevation contour, Thomas et al. [2000] 
find a complex pattern of thickness change across the ice sheet, 
with the south-eastern s ctor thinning ata rate up to 30 cm yr -1 , 
while in the southwestern sector, thickening rates peak at 21 cm 
yr -1 In the northern egions ofthe ice sheet, rates of thickness 
change are considerably less, with an average increase in ice 
thickness of 2 cm yr -I in the northeast and thinning of 5 cm 
yr -1 in the northwest. Even greater rates of thickness change 
have been inferred for the lower reaches of several outlet glaciers 
which appear to be thinning at rates up to several meters per year 
[Krabill et al., 1999]. These last results are based on repeat air- 
borne laser profiling of the snow surface over a 5-year period, so 
the longer-term implications are not immediately obvious. 
It may be that these large changes observed over a compara- 
tively short time interval are a temporary manifestation of a 
change in the dynamic flow regime of these glaciers, for exam- 
ple, a short-lived surge. Joughin et al. [1996] report on a mini- 
surge on Ryder Glacier, north Greenland, during which the speed 
increased about threefold over a 7-week period. These authors 
suggest hat the rapid motion, which occurred near the end of the 
1995 ablation season, may have been caused by drainage of su- 
praglacial lakes. Similarly, Reeh and Oleson [1986] measured 
velocity fluctuations of 10-15% on time scales from 2-10 days on 
Daugaard-Jensen Glacier, including an event corresponding to 
the drainage of an ice-dammed lake which caused a velocity in- 
crease of more than 50% over 12-18 hours. Weidick [1988] de- 
scribes occurrences of surging in 26 locations in east Greenland 
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between Daugaard-Jensen and Kangerdlugssuaq glaciers. While 
for none of these events measurements of the rate of thickness 
change are available, observations on other surging glaciers indi- 
cate that elevation changes up to several tens of meters per year 
are common during the active surge phase [Van der Veen, 1999a, 
section 10.4]. 
On the other hand, large thinning rates may reflect a more 
sustained switch in style of flow, in which case longer-term im- 
plications could be severe in terms of global sea level. The ice 
sheet may be reacting to recent changes in climate forcing, most 
notably to changes in the surface mass balance (snow accumula- 
tion minus ablation), or the current mass imbalance may be asso- 
ciated with the climate warming at the end of the Last Glacial 
Maximum (LGM), as temperature forcing results in a delayed ice 
sheet response. Huybrechts [1994] argues that current marginal 
thinning is likely due to increased surface melting caused by 
warmer temperatures following the Little Ice Age, while present- 
day thinning in the accumulation region of the Greenland ice 
sheet may be due to a slow but consistent warming of the basal 
ice following the warming after the LGM [Whillans, 1981]. 
A third possibility for observed imbalances may be that thin- 
ning of outlet glaciers is caused by increased creep rates, possibly 
associated with decreased basal friction as surface meltwater 
penetrates to the glacier bed [Krabill et al., 1999]. Hughes 
[1986, 1998] argues that rapid ice discharge on outlet glaciers 
may be the manifestation of the Jakobshavn Effect, a powerful 
instability mechanism whereby small perturbations at the 
grounding line are amplified through the positive feedback be- 
tween surface crevassing and meltwater penetration, extending 
creep flow, and progressive basal uncoupling. Ultimately, this 
feedback could possibly lead to the collapse of parts of the ice 
sheet. 
Given the range of possible forcing mechanisms that may lead 
to important changes in the ice sheet, it is imperative to gain un- 
derstanding of how each affects ice flow and drainage of interior 
ice. Without such understanding, predictions about the future 
evolution of the Greenland ice sheet cannot have much credibil- 
ity. 
Several approaches can be taken to evaluate the interaction 
between climate forcing and ice dynamics, and the consequent 
ice sheet response, which may involve changes in flow style. 
One possibility is to construct a time-evolving numerical model 
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in which the coupled thermomechanical equations of motion and 
conservation of energy are solved simultaneously. The major 
impediment o successfully constructing such a model is the pau- 
city of data that can be used to first calibrate and then validate the 
model [Van der Veen, 1999b]. For many of the outlet glaciers 
draining the Greenland ice sheet, measurements of ice velocity 
are not available, thus making it impossible to identify and de- 
scribe their flow regime and identify mechanical controls on gla- 
cier motion. Without full understanding of the current dynamics 
of the most active parts of the Greenland ice sheet, any numerical 
model employed in studies of the ice sheet's response to external 
forcings must invoke assumptions about the nature of ice dis- 
charge. The most common assumption is that of lameliar flow, in 
which the driving stress, responsible for glacier motion, is bal- 
anced by drag at the glacier bed. Making that assumption results 
in a rather sluggish ice sheet that reacts slowly to climate forc- 
ings. By allowing for basal sliding, the response may become 
more rapid but instabilities, such as the Jakobshavn Effect 
[Hughes, 1986], are unlikely to occur in these models in response 
to climate forcing. Indeed, on short timescales ice flow adjust- 
ments following a change in surface accumulation have little ef- 
fect on the ice sheet evolution [Huybrechts et al., 1991]. This 
suggests a more modest approach involving perturbation analysis 
as an alternative to full-scale modeling of the ice. That is, the as- 
sumption is made that the ice sheet response to mass balance 
forcing can be considered a perturbation on the reference state 
and may be evaluated separately from how this reference state 
evolves over time. 
Perturbation modeling has the advantage of a more direct in- 
terpretation of results than when using more complex models in- 
volving a multitude of physical processes and interactions. For 
example, to evaluate how the accumulation regions of ice sheets 
may respond to changes in accumulation rate and temperature, 
Whillans [ 1981] considers perturbations to the lamellar flow so- 
lution. This analysis allows the effect of climate variations on the 
depth-age and depth-temperature profiles to be calculated. Cuf- 
fey and Clow [1997] use a purely diffusive approximation to 
compute changes in ice divide thickness and to estimate a time 
scale for response to climate forcing. Nereson et al. [1998] use a 
model based on linearized perturbations about a two-dimensional 
Vialov-Nye ice sheet profile to investigate the sensitivity of the 
divide position at Siple Dome, West Antarctica, to small changes 
in the accumulation pattern. These studies, and many others as 
well, use simple models that retain the essential physical proc- 
esses to study ice sheet response to modest climate forcing. 
Mass balance forcing has an immediate effect on the ice sheet. 
Initially, the rate of thickness change as compared to the refer- 
ence state equals the perturbation in snowfall or ablation. If the 
forcing persists, the ice sheet responds dynamically, adjusting the 
rate at which ice is evacuated from the interior to the margins, to 
achieve a new equilibrium. For large ice sheets, this dynamic 
adjustment may last for thousands of years, with the magnitude 
of change decreasing steadily over time as a new equilibrium is 
approached. This response can be described using kinematic 
wave theory, first introduced into glaciology by Nye [1958] and 
Weertman [1958]. This theory, modified to pertain to Greenland 
drainage basins, is used here to evaluate possible ice sheet re- 
sponses to perturbations in surface mass balance. The objective 
here is not to accurately model observed changes in ice thickness 
but rather to assess the range of mass imbalances that could, po- 
tentially, be attributed to changes in surface mass balance. 
Implicitly, in formulating the kinematic wave model, the as- 
sumption is made that the perturbations remain sufficiently small 
so as not to affect the dynamics of the reference state, and rapid 
switches in flow style are precluded a priori from the analysis. 
To investigate the Jakobshavn Effect, a model that incorporates 
longitudinal stress gradients and other sources of flow resistance, 
is needed. As explained more fully below, the Jakobshavn Effect 
is believed to be initiated by increased calving from the floating 
outlet glaciers. Thus a first step in studying this instability 
mechanism is to assess how large calving events affect the flow 
upglacier and, in particular, whether such an event leads to in- 
creased stretching. This interaction is discussed here in the con- 
text of prior modeling studies as well as observations, to assess 
whether release of back pressure associated with major calving 
events is compensated entirely by longitudinal stresses, as in the 
model proposed by Hughes [1986, 1998], or whether lateral drag 
takes up part of the additionally required resistance to flow. 
2. Kinematic Waves 
2.1. Background 
Changes in surface mass balance or local changes in ice thick- 
ness lead to perturbations in the ice flux and adjustments in the 
glacier profile [Weertman, 1958; Nye, 1958, 1960, 1963]. These 
adjustments are described by the kinematic wave equation [Van 
der Veen, 1999a, Section 10.2] 
OH _ _ H OC,, ( aD o )OH 0 2 H at - ax - Co--5--ffx)5--x + + ( ) OX 2 ' 
In this expression, H represents the perturbation in ice thickness, 
M is the change in surface mass balance, and x denotes the curvi- 
linear along-flow direction. Equation (1) is derived by lineariz- 
ing the perturbation flux Q using a series expansion 
Q= •-ff H+ • c•=CoH + Do•X , (2) 
o o 
and substitution in the continuity equation expressing conserva- 
tion of mass (or volume, if the density is considered constant). In 
(2) the subscript o refers to the reference state, and c• represents 
the surface slope (taken positive when the surface elevation de- 
creases in the direction of flow). 
Assuming lamellar flow, the coefficients Co and Do, which 
represent he sensitivity of the ice flux to changes in ice thickness 
and surface slope, respectively, are given by 
Cø = •-ff o = (n+2)U o , (3) 
OQ i = nQø (4) ' 
where n represents the exponent in Glen's flow law, and U o is 
the reference ice velocity [Nye, 1960; Van der Veen, 1999a, p. 
313]. The coefficient C o corresponds to the speed at which the 
kinematic wave travels downglacier, while D o represents the 
diffusivity for horizontal diffusion of the perturbation. It should 
be noted that the assumption of lamellar flow is not a requirement 
for kinematic waves to occur. These waves owe their existence 
to conservation of volume or mass when a relation exists between 
discharge, ice thickness, and along-flow position. In deriving (1), 
no assumption about the flow regime is made other than that the 
perturbation flux can be linearized as in (2); assuming lamellar 
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Figure 1. (top) Along-flow variation in kinematic wave velocity 
Co and diffusivity D o adopted in the Nye model and (bottom) 
corresponding equilibrium response after a stepwise uniform in- 
crease in surface accumulation. Thickness perturbations are 
normalized with the perturbation at the ice divide. 
flow allows expressions for the wave speed and diffusivity to be 
derived. However, as argued below, (3) and (4) do not apply to 
Greenland outlet glaciers, and empirical relations are used in this 
study. The reason for introducing Nye's solution based on 
lameIlar flow is to illustrate the differences between earlier mod- 
els and the present empirical approach. 
2.2. Nye's Solution 
To arrive at a solution for the perturbation thickness, an as- 
sumption about the along-flow variation in C o and D o is 
needed. The usual procedure, due to Nye [1963], is to adopt a 
polynomial expression such that the glacier speed is maximum 
about halfway along the glacier and decreasing to zero at the gla- 
cier snout. These parameterizations are shown in the top panel of 
Figure 1; the bottom panel shows the equilibrium solution for the 
perturbation thickness after a uniform increase in surface accu- 
mulation, for the case of advection only, and for advection and 
diffusion. 
Perhaps the most striking feature of the Nye solution is the 
amplification of the response toward the glacier terminus. At the 
edge the equilibrium change in ice thickness is about 160 times 
that at the divide. This large response in the lower reaches is the 
direct consequence of the parameterization for ice speed adopted 
by Nye [1963]. The imposed zero speed at the snout (Figure 1, 
top panel) effectively prevents mass from leaving the glacier and 
an increase in snowfall leads to piling up of mass near the termi- 
nus. 
The parameterization for surface speed and the ratio of ice 
flux to surface slope adopted by Nye are based on velocity pro- 
files measured along valley glaciers losing mass primarily 
through ablation in the terminal region. However, these func- 
tions do not apply to the polar ice sheets, where the speed in- 
creases continuously toward the grounding line and calving rep- 
resents a major source of ice loss. 
2.3. Empirical Relations for the Greenland Ice Sheet 
While much of the margin of the Greenland ice sheet is land 
based and above sea level, drainage from the interior is primarily 
through numerous outlet glaciers whose termini are grounded 
below sea level or that have formed floating ice tongues in con- 
fining •ords. Considering flow lines extending from the interior 
to the termini of these outlet glaciers, glacier speed increases 
steadily as illustrated in Figure 2. The top panel shows the ge- 
ometry of Petermann Glacier, based on the digital elevation 
E 2000 - 
1000 
o 




















measured sp ed• 
lameliar fløw 4 \ 
ß 
''''1''''1''' 
- 15o - 100 -50 0 
Distance from grounding line (km) 
Figure 2. (top) Surface and bed elevation along the approximate 
centerline of Petermann Glacier, northwest Greenland. (middle) 
Driving stress obtained from the glacier geometry, using a hori- 
zontal distance of 10 km for calculating surface slope. (bottom) 
Measured surface speed and speed calculated for lamellar flow 
using a rate factor corresponding to ice near the pressure-melting 
point. 
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model of Ekholm [1996] and ice thickness data from ice- 
penetrating airborne radar sounding [Gogineni et al., 1998]. The 
lower 50 km or so of this glacier is floating, confined laterally by 
Oord walls, and is not considered in the present analysis. Ap- 
plying the familiar formula involving the product of ice thickness 
and surface slope (averaged over horizontal distances of-10 km), 
the driving stress can be calculated (middle panel). Using a rate 
factor applicable to ice near the pressure-melting point, the sur- 
face speed from lamellar flow can be calculated [Van der Veen, 
1999a, p. 104]; results for the Petermann flow line are shown in 
the bottom panel of Figure 2. Also shown in this panel is the sur- 
face speed derived from synthetic aperture radar interferometry 
(see Joughin et al. [1999], for the grounded portion and Rignot 
[1996] for the floating part). Up to -40 km upglacier of the 
grounding line, the measured speed follows the general increase 
in speed from lamellar flow, suggesting that in this region, part or 
all of the ice flow may be associated with internal deformation. 
Closer to the grounding line, however, basal sliding must become 
the major contributor to ice discharge, as the observed velocity 
continues to increase toward the grounding line, while the contri- 
bution from internal deformation decreases rapidly due to the de- 
crease in driving stress. Moreover, it could be argued that the 
calculated spatial fluctuations in the lamellar flow velocity indi- 
cate a more complex flow regime than assumed in that calcula- 
tion. Given these observations, it is not clear how the expres- 
sions for the coefficients C o and D o should be modified to pro- 
vide a more realistic description of the flow along this flow line. 
However, instead of deriving analytical expressions for these co- 
efficients, an alternative procedure is to use the observations to 
derive empirical relations. 
In first approximation the glacier speed shown in Figure 2 in- 
creases exponentially toward the grounding line. Taking the 
length of the flowband to be 500 km based on the map given by 
Joughin et al. [1999], and requiring the speed to be zero at the 
divide, the following parameterization is adopted: 
U o = 1115.e x/62 - 0.345 m yr -1 (5) 
with x = 0 at the grounding line and x = -500 km at the ice divide. 
As in Nye's analysis, the kinematic wave speed C o is assumed to 
be proportional to U o , with the constant of proportionality equal 
to 5 (the precise value of this constant has little effect on the re- 
sults discussed below). 
An expression for the diffusivity can be found by considering 
the relation between the reference ice flux and surface slope. The 
reference ice flux was obtained from the ice thickness and meas- 
ured surface velocity by multiplying the latter with a correction 
factor (= 4/5) where lamellar flow contributes mostly to ice dis- 
charge (that is, at distances greater than-40 km from the 
grounding line; Figure 2) to account for depth variation in ice 
velocity. Bivariate regression suggests a linear relation between 
these two quantities: 
Qo = 30.24x106 . oro + 22.44 x103 (6) 
Applying this empirical relation suggests a constant diffusivity, 
/ 0Q) 06m 2 Dø = • o = 30.24xl yr-l. (7) 
2.4. Including Variable Width 
In the original analysis presented by Nye [1963] the width of 
the glacier was considered constant. This restriction can be re- 
laxed by considering the equation of continuity for a flowband of 
variable width [Van der Veen, 1999a, p. 332]. Transverse varia- 
tions in glacier speed are neglected and the lateral margins of the 
drainage basin are assumed to be vertical. Adopting the param- 
eterizations for wave speed and diffusivity discussed above, the 
resulting equation describing the ice sheet response to perturba- 
tions in surface mass balance is 
OH_ 10 I5HWUo WDoO•xH 1 --Tx - + (8) 
in which W represents the half width of the flowband. 
The first term between the brackets on the right-hand side of 
the wave equation (8) describes adjustment of the glacier profile 
by advection, while the second term describes how local pertur- 
bations are diffused along the glacier. For the case of diffusion 
only, an analytical solution can be derived but otherwise, (8) is 
solved for prescribed width and mass balance forcing using a 
fully explicit, forward in time, finite difference numerical model 
with 5 km horizontal grid spacing and a time step of 0.1 year (to 
keep the solution stable). 
3. Response to Grounding Line Forcing 
3.1. Background 
Imposed thinning at the grounding line represents a local 
forcing that is attenuated along the glacier primarily through dif- 
fusion [Alley and Whillans, 1984]. Assuming constant width for 
now, the kinematic wave equation (8) simplifies to 
OH 02H 
= o,,•. (9) 
Ot Ox 2 
Keeping the position of the grounding line fixed, a solution can 
be found following the procedure outlined by Turcotte and Schu- 
bert [ 1982, section 4.15] for instantaneous heating or cooling of a 
semi-infinite half-space. 
3.2. Solution 
Rather than considering thickness perturbations, it is conven- 
ient to introduce the non-dimensional quantity 
g = , 
H(0, t) 
in which the denominator epresents the prescribed thickness 
change at the grounding line. The next step is to define the simi- 
larity variable 
x 
q = 2x/Dot . (11) 
U•sing formal similarity theory, it can be shown that the solution, 
H(x,t), is a function of rl only. 
Rewriting the derivatives in the diffusion equation in terms of 
rl gives [Turcotte and Schubert, 1982, p. 159] 
d/• l d2h 
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Figure 3. Transient glacier response to a sudden thinning at the 
grounding line at time t = 0 year. Contours represent the thick- 
ness perturbation normalized by the imposed change at the 
grounding line. 
3.3. Results 
Figure 3 shows a wave of adjustment raveling upglacier after 
a sudden change in thickness at the grounding line at t = 0 years. 
At distances greater than about 100 km from the grounding line, 
the response lags considerably behind the forcing. This is better 
illustrated in Figure 4, which gives the perturbation in ice thick- 
ness, normalized with the imposed change at the grounding line 
(Figure 4a), and the time needed for partial adjustment o occur 
along the glacier (Figure 4b). The slow response results from the 
assumption that diffusion is the controlling process for adjust- 
ment. For a diffusion equation such as (9), a time L 2 /D o is re- 
quired for thickness perturbations to propagate upglacier over a 
distance L. With Do=30.24x 106 m 2 yr -] , about 330 years are 
required for the perturbation to travel 100 km inland. Because 
the timescale for adjustment is proportional to the square of dis- 
tance from the grounding line, the speed at which the wave 
propagates inland decreases rapidly toward the interior. Near the 
grounding line, this speed is-30 km yr -] but at 100 km inland, 
the wave speed has decreased to -300 m yr -1 
The diffusive response to grounding line forcing is associated 
with upglacier attenuation of perturbations in surface slope. Only 
the slope effect (second term on the right-hand side of (2)) on the 
perturbation flux is retained. Consequently, the results in Figures 
3 and 4 do not include possible feedbacks associated with the Ja- 
and substitution in (12) gives 
1 
-q• = , (14) 
2 dq 
which can be integrated to give 
= Cle_n2 = 
One further integration gives the nondimensionalized thickness 
perturbation 
q -2 




















The integration constants can be determined from the boundary 
conditions. Atthe grounding line, rl = 0 and /• = 1 by defini- 
tion, giving C 2 = 1. At t = 0, rl-->oo and the thickness perturba- 
tion should be zero except at the grounding line. In other words, 
an instantaneous ice sheet response to grounding line forcing is 
prohibited. Note that rl-->oo also applies at all times at distances 
far inland (x-->oo), so this boundary condition implies that the 
thickness perturbation decreases toward the interior and vanishes 
sufficiently far inland from the grounding line. Using 
I e-n2 d•: • (17) 
0 2 
the other integration constant C• is found to be equal to -2/x/x ß 
The solution can now be written as 
2 • e_•2d• = 1 - erf(q) = erfc(q) , (18) /•(q): 1- •-x 0 
with erf(q) the error function and erfc(q) the complementary er- 
ror function. Values for these functions can be found in mathe- 
matical handbooks or calculated using standard numerical rou- 
tines [e.g., Press et al., 1992, pp. 213-214]. 
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Figure 4. (a) Normalized thickness perturbation at selected dis- 
tances upstream of the grounding line and (b) time required for 
partial adjustment (labels indicate the amount of adjustment as a 
fraction of the equilibrium response) following sudden grounding 
line thinning at time t = 0 year. 
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Figure 5. Ice sheet response to a uniform increase in surface ac- 
cumulation (M= 0.20 m yr -] ). Constant width is assumed. The 
solid curves (scale on the left) show the thickness perturbation, 
and the dashed curves (scale on the right) show the rate of thick- 
ness change at three points on the glacier. 
kobshavn effect [Hughes, 1986]. According to Hughes' model, 
thinning at the grounding line may lead to greater stretching rates 
in the interior, esulting inincreased ice discharge, enhancing the 
thinning at the grounding line. This positive feedback is not in- 
cluded in the kinematic wave model because the reference veloc- 
ity Uo is considered constant with time. 
4. Response to Accumulation Forcing 
4.1. Constant Width 
To evaluate the response to changes in accumulation, the full 
continuity equation (8) for thickness perturbations needs to be 
integrated forward in time using standard numerical solution 
techniques. To allow for a comparison with Nye's solution, con- 
sider first the response of a glacier of constant width to a uniform 
perturbation in surface accumulation. A uniform increase in ac- 
cumulation of 0.20 m yr -1 is imposed at time t = 0 year, and the 
kinematic wave equation (8) integrated forward in time to deter-' 
mine the transient glacier response. Results of this calculation 
are shown in Figures 5 and 6. 
Figure 5 shows the response atthree points along the glacier, 
the ice divide and the grounding line, and the grid point halfway 
in between. The full curves (scale on the left) give the perturba- 
tion thickness and the dashed curves (scale on the right) the rate 
of adjustment. The glacier responds immediately to the increased 
snowfall, initially thickening at a rate equal to the perturbation i  
accumulation. At the grounding line the rate of thickness change 
decreases rapidly and a new equilibrium is established after a few 
hundred years. Farther upglacier, adjustment takes longer, up to 
about 5000 years at the divide. Figure 6 shows contour plots of 
the adjustment along the entire flow line. From these graphs the 
equilibrium response can be inferred. The most striking feature 
of the new equilibrium is that the response is greatest at the ice 
divide and decreases toward the grounding line. 
For a uniform change in surface mass balance, the equilibrium 
response along the entire glacier, normalized with the thickness 
change at the divide, is as shown in Figure 7. The amplitude of 
the perturbation decreases toward the grounding line, where the 
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Figure 6. Transient glacier response to a sudden increase in sur- 
face accumulation attime t = 0 year. (a) Thickness perturbation 
(contour interval 50 m) and (b) rate of thickness change (contour 
interval 2 cm yr -1 ). 
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Figure 7. Normalized equilibrium response after a stepwise uni- 
form increase in surface accumulation, assuming constant width 
for the flowband. 
site to the result derived by Nye [1963] which shows the greatest 
response at the glacier terminus (Figure 1). As noted above, the 
amplification of thickness change near the glacier snout is the re- 
sult of the parameterization of glacier speed adopted by Nye, 
which does not permit mass to leave the glacier. Adopting a ve- 
locity profile more realistic for polar drainage basins, with speed 
increasing steadily toward the grounding line, part of the increase 
in surface accumulation is evacuated across the grounding line. 
4.2. Variable Width 
The top panel in Figure 8 shows the width of the Petermann 
flowband. Accounting for the change in width along the flow 
line affects the equilibrium solution twofold. First, the response 
at the divide is about 30% less than if a constant width is pre- 
scribed. Otherwise, the equilibrium response is similar, with the 
amplitude decreasing away from the divide, as shown in the bot- 
tom panel of Figure 8. Approaching the grounding line, the 
equilibrium thickness change increases as ice is being funneled 
into the narrow outlet fjord. Compared to the constant-width 
case, a greater amount of snow accumulating in the wider catch- 
ment region must be evacuated across the grounding line through 
the narrow discharge gate. This is achieved by increasing the 
perturbation flux by increasing the perturbation thickness and 
surface slope. 
4.3. Nonuniform Mass Balance Forcing 
Imposing a uniform change in surface mass balance, as in the 
examples shown in Figures 5-8, allows the results of the present 
model to be compared with those obtained in earlier studies. 
However, a uniform forcing may not be realistic. In the context 
of global warming, it is generally believed that accumulation may 
increase in the interior, but surface melting is expected to in- 
crease considerably at lower elevations. Prescribing a logistic 
variation for the mass balance perturbation, 
M= Mø 
1 + ¾e -13x - M1 ' (19) 
allows a smooth transition in forcing from the interior to the ter- 
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Figure 8. Normalized equilibrium response after a stepwise uni- 
form increase in surface accumulation and accounting for the 
width of the flowband (shown in the top panel). 
wave model are shown in Figure 9. The corresponding lacier 
responses are shown in Figures 10 and 11. 
Of particular interest is the glacier's response in the terminal 
region. Initially, imposed ablation leads to rapid thinning, but 
after a few hundred years this trend is reversed and the glacier 
snout starts thickening. For the case of increased snowfall in the 
interior (Figure 10), the thickening rate reaches a few centimeters 
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Figure 9. Two mass balance perturbations used as forcing for 
the present model. 
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Figure 10. Ice sheet response to the accumulation perturbation 
shown in Figure 9 (curve a). The solid curves (scale on the left) 
show the thickness perturbation, and the dashed curves (scale on 
the right) show the rate of thickness change at three points on the 
glacier. 
sult, after a new equilibrium is reached, the thickness at the 
grounding line is not much different from the reference state. 
That is, the perturbation thickness is near zero, despite the large 
increase in ablation. The increase in accumulation at higher ele- 
vations more than compensates for the mass loss at lower eleva- 
tions, which is restricted to a smaller area. If ablation is not 
compensated by more snowfall in the interior (Figure 11), a wave 
of thinning travels upglacier such that the maximum rate of 
thickness change occurs at the grounding line first, reaching the 
ice divide after about 600 years. Similar manifestations of the 
delayed dynamical response to changes in surface mass balance 
have been found using more complex numerical ice sheet models 
[e.g., Oerlemans, 1982]. 
5. Jakobshavn Effect 
5.1. Background 
Krabill et al. [1999] suggest hat the large thinning rates on 
outlet glaciers may be associated with enhanced creep rates, pos- 
sibly due to lowered basal friction as surface meltwater reaches 
the glacier bed. A similar set of positive feedback mechanisms 
was proposed by Hughes [1986] and termed the Jakobshavn Ef- 
fect. In essence, this effect acts to amplify a small initial pertur- 
bation, resulting in large changes in glacier discharge. Hughes 
[1998] argues that the Jakobshavn Effect may have been an im- 
portant factor in the collapse of paleo ice sheets that disappeared 
rapidly starting around 18 kyr B.P. and may lead to rapid disinte- 
gration of the present-day Greenland and Antarctic ice sheets. 
The trigger for the Jakobshavn Effect is surface melting. Be- 
cause the surface of many outlet glaciers is heavily crevassed, the 
greater exposed surface area allows more solar radiation to be ab- 
sorbed than if the surface were smooth, resulting in vast amounts 
of surface meltwater that drains into the glacier. If meltwater re- 
freezes at depth, the release of latent heat warms the ice and thus 
increases the rate of deformation. Water that reaches the glacier 
base provides lubrication, allowing more rapid glacier sliding. 
Both effects lead to greater ice speeds, which promotes further 
surface crevassing thereby further increasing the exposed surface 
area. On the floating parts of outlet glaciers, thinning reduces re- 
sistance to flow from bedrock pinning points and lateral drag, and 
the buttressing effect on the grounded portion decreases, allowing 
further increase in ice discharge. Moreover, thinning on the 
floating ice tongue may lead to increased iceberg calving as the 
vertical thickness that needs to be fractured becomes less. In- 
creased calving leads to retreat of the glacier front and reduces 
the backstress exerted on the inland ice. This aggregate of physi- 
cal processes acts to lessen mechanical constraints imposed on 
the grounded lower regions of the outlet glaciers, leading to rapid 
increase in ice discharge. 
5.2. Cause of Instability 
Considering a floating ice tongue or ice shelf, resistance to 
flow is partitioned between gradients in longitudinal stress and 
lateral drag. Averaged over the width of the glacier, force bal- 
ance is then expressed through [Thomas, 1973; Sanderson, 1979; 
Van der Veen, 1986; Van der Veen, 1999a, p. 130] 
H z s •a• = -•E/--//• ] + ß (20) W 
In deriving this balance equation the assumption is made that lat- 
eral drag is equally important across the width of the glacier. 
Lateral stress at the margins, y = + W is denoted by z s . The par- 
titioning of full stresses into lithostatic and resistive components 
[Van der Veen and Whillans, 1989] is used here, and Rxx repre- 
sents the along-flow or longitudinal resistive stress. If lateral 
spreading and bridging effects are neglected, this stress equals 
twice the longitudinal deviatoric stress (Rxx = 2c• ) [Van der 
Veen and Whillans, 1989; Van der Veen, 1999a, p. 38]. 
The left-hand side of (20) represents the driving stress. For a 
floating glacier the elevation of the surface above sea level is 
linked to the ice thickness, H, through hydrostatic equilibrium, 
and the driving stress can be written as [Van der Veen, 1999a, p. 
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Figure 11. Ice sheet response to the accumulation perturbation 
shown in Figure 9 (curve b). The solid curves (scale on the left) 
show the thickness perturbation, and the dashed curves (scale on 
the right) show the rate of thickness change at three points on the 
glacier. 
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Figure 12. Effect of a calving event on the speed and stretching 
rate along an ice shelf of constant width and with prescribed and 
fixed shear stress at the lateral margins. (top) The equilibrium 
profile is shown and the vertical dashed line indicates the reduc- 
tion in glacier length. (middle, bottom) The dotted curves corre- 
spond to the equilibrium speed and stretching rate prior to calv- 
ing, while the solid curves show speed and stretching rate after 
calving. 
(21) 'rdx =--• 1- 0x ' 
where p and Pw are the densities of ice and seawater, respec- 
tively. 
The first term on the right-hand side of the balance equation 
(20) describes resistance toflow offered by gradients in longitu- 
dinal stress. The along-flow resistive stress Rxx is linked to the 
stretching rate, or gradient in discharge velocity, through the flow 
law for glacier ice. If lateral drag contributes negligibly to flow 
resistance the second term on the right-hand side of (20) may be 
neglected. Substituting (21) for the driving stress into the bal- 
ance equation (20) and integrating with respect to the along-flow 
direction x the resistive stress is found to be proportional to the 
ice thickness [Weertman, 1958; Van der Veen, 1999a, p. 128] 
=•-pg 1- H. (22) 
Invoking the flow law gives the stretching rate 
•(o) Pg H 3 vix = • 1- , (23) 
in which B represents the rate factor in Glen's flow law, and the 
flow law exponent has been set equal to 3. The superscript (o) in 
these expressions i used to differentiate this solution, applicable 
to an ice tongue spreading in one direction only with little or no 
lateral drag, to the solution for the case of significant lateral drag. 
If lateral drag contributes to resistance to flow, the stretching 
stress at any point along the ice tongue Rxx(X ) is reduced com- 
pared to the Weertman solution (22) by an amount equal to the 
integrated resistance from lateral drag acting on the segment of 
glacier from that point to the calving front. In short, 
RxI(X ) = Rx(•)(x) - c•/,(x) , (24) 
in which the back pressure is defined as 
1 i H'rs • (25) 
with x - L denoting the position of the calving front [Thomas, 
1973; Fan der Feen, 1999a, p. 130]. Because the stretching rate 
is proportional tothe third power of the stretching stress, the ef- 
fect of lateral drag, or back pressure, is to reduce the stretching 
rate according to 
i•xI(X ) = -.Ix (x) - (•/,(x) (26) 
B 
In Hughes' model the value of the lateral shear stress at the 
margins T.,. is prescribed and kept constant at, say, 100 kPa. In 
that case, any reduction in length results in an immediate increase 
in stretching along the entire ice tongue. This effect is illustrated 
in Figure 12 which shows the speed and stretching rate along an 
ice shelf before (dots) and after (solid lines) a calving event. The 
top panel shows the equilibrium profile of an ice shelf in a paral- 
lel-sided bay (width = 40 km) calculated using a numerical model 
[Fan der keen, 1999a, section 8.8] with prescribed flux across 
the grounding line (H o = 1000 m; Uo = 400 m yr -1 ) and fixed 
lateral shear stress at the margins ( % = 150 kPa). The length of 
the floating glacier is restricted to 50 km, but imposing this con- 
dition has no effect on the upglacier equilibrium profile. In equi- 
librium the glacier speed at the terminus is slightly greater than 1 
km yr -1 . The effect of a calving event in which the length of the 
glacier is reduced by 5 km (10%) is dramatic: the stretching rate 
at the grounding line more than doubles instantaneously and the 
speed atthe new terminus position is in excess of 4 km yr -1 
This adjustment to a major calving event is the direct conse- 
quence of keeping resistance to flow from lateral drag constant 
by prescribing the value of z.,.. Under this assumption the back 
pressure on a glacier of constant width is approximately 
c•b(x ) = •-(L- x) . (27) 
For the example shown in Figure 12, the back pressure at the 
grounding line is 375 kPa, compared to a free-floating stretching 
stress of 485 kPa (from (22)). Thus the net longitudinal resistive 
stress is only 10 kPa at the grounding line. Reducing the glacier 
length by 10% reduces c• at the grounding line by 38 kPa, 
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thereby increasing the longitudinal resistive stress to 48 kPa, al- 
most 5 times as large as before the calving event. 
5.3. Stabilizing Effects 
While a major calving event may have some effect on the 
stretching rate immediately upglacier of the calving front, it ap- 
pears unlikely that the reduction in back pressure along the entire 
glacier is compensated for by an increase in longitudinal stress 
gradients. The consequent increase in speed shown in the middle 
panel of Figure 12 almost surely would increase lateral drag and 
hence lower the stretching rate. In other words, one may expect 
that the effects of reduced back pressure due to shortening of the 
glacier will be in part mitigated by increased lateral drag. To in- 
vestigate this point, lateral drag needs to be linked to glacier dis- 
charge. 
Following the ice stream model developed by Van der Veen 
and Whillans [1996], the shear stress at the margins can be writ- 
ten in terms of the width-averaged speed as 
= . (28) 
Substituting this expression into the balance equation (20) and 
rewriting the longitudinal resistive stress Rxx in terms of the 
along-flow gradient in ice velocity, yields an equation with the 
glacier speed U as only unknown. However, this equation is non- 
linear and contains gradients and cannot be solved directly and, 
instead, numerical iteration techniques must be used. Several 
numerical schemes were implemented, but none turned out to be 
stable, and further attempts to use a numerical ice shelf model to 
evaluate the response to a calving event were abandoned. Nev- 
ertheless, based on the equations discussed above, a few qualita- 
tive comments can be made. 
For the model ice shelf shown in Figure 12 applying (28) to 
the terminus region prior to the calving event gives xs = 152 
kPa, close to the constant value prescribed in the numerical cal- 
culation. Assuming that, following the calving event, x.s. in- 
creases by 10% along the entire length of the ice shelf, increased 
resistance from lateral drag leads to an increase in back pressure 
at the grounding line of (15 kPa x 45 km) / 20 km = 33 kPa, 
which is almost the same as the reduction in or, due to the re- 
duction in ice shelf length. A 10% increase in xs corresponds to 
approximately 30% increase in glacier speed (equation (28)). 
However, if resistance from lateral drag compensates for the loss 
of back pressure due to shortening of the ice shelf, ot• in (26) is 
unaffected by the calving event implying that the stretching rate 
must remain the same. This would imply unchanged gradients in 
ice velocity and thus no change in the velocity itself. Thus the 
increase in glacier speed must be less, perhaps 15% or so, to al- 
low the decrease in back pressure from calving to be distributed 
between lateral drag and longitudinal stress gradients. The pre- 
cise percentage may depend on other factors such as softening of 
the ice in the lateral shear margins due to fabric orientation or 
strain heating, but the point made here is that lateral drag may be 
expected to accommodate some of the decrease in back pressure. 
From this rough estimate it may be concluded that a major 
calving event may lead to a moderate speed up of the floating ice 
tongue, but the increase in speed is an order of magnitude smaller 
than if changes in lateral shear stress at the margins are not taken 
into account. Whether or not the resulting increase in speed and 
consequent stretching rate is sufficient to lead to further and more 
calving is not obvious. Observational evidence does not favor a 
strong correlation between the rate of iceberg production and 
stretching near the terminus [Van der Veen, 1996] although one 
would expect a greater stretching stress (associated with in- 
creased stretching rate) to facilitate full-thickness fracturing [Van 
der Veen, 1998]. At this stage of understanding a realistic calv- 
ing law cannot be formulated but it may be noted that no Green- 
land outlet glaciers have been observed to retreat irrevocably af- 
ter a major calving event. However, even if the calving front 
were to retreat to the grounding line, it is not immediately obvi- 
ous that the associated lowering of back pressure would result in 
a collapse of the interior parts of the ice sheet. 
5.4. Discussion 
The Jakobshavn Effect as proposed by Hughes [ 1986] may be 
challenged. Calving rates on Jakobshavn Glacier increase rapidly 
in spring, presumably because surface meltwater penetration or 
break up of confining sea ice in the fjord facilitate crevasse 
penetration and fracturing [Sohn et al., 1998]. Yet despite the 
almost sixfold increase in calving rate, and subsequent retreat of 
the floating terminus, there is no discernable seasonal fluctuation 
in glacier speed either on the floating portion nor farther inland 
on the grounded part at and below the equilibrium line [Echel- 
meyer and Harrison, 1990]. Thus, while surface melting appears 
to have a significant effect on calving rates, the supposed effect 
on discharge from the interior is not supported by observations. 
Either the seasonal fluctuations in terminus position are not suffi- 
ciently large or the buttressing effect has a significantly smaller 
effect on drainage from the interior than envisioned by Hughes. 
A number of model studies has addressed the issue of 
grounding line stability in response to reduction in ice shelf back 
pressure or sea level rise, and all suggest hat enhanced creep 
thinning at the grounding line is rapidly countered by increased 
discharge from upglacier, effectively preventing the collapse of 
model ice sheets. Alley and Whillans [1984] use a nonsteady ice 
flow model that includes longitudinal stresses explicitly to study 
the stability of the East Antarctic ice sheet to sea level rise. Im- 
posing a 100-m rise in sea level results in a wave of thinning 
propagating upglacier, but their model does not exhibit signs of 
flow instability. A similar model but including basal sliding was 
used by Van der Veen [1985, 1987] to investigate the stability of 
marine ice sheets. The ice shelf back pressure is incorporated 
through the longitudinal stress deviator, prescribed at the 
grounding line. Model results suggest greater stability to reduc- 
tion in back pressure than assumed in the Jakobshavn Effect. 
Grounding line retreat is controlled by a number of counteracting 
processes of which the relative importance cannot be established 
a priori. In particular, enhanced creep thinning at the grounding 
line due to reduced back stress is countered by increased ice dis- 
charge from upglacier. Alley et al. [1987] use a model coupling 
ice flow to deformation of subglacial till to study the stability of 
an ice stream moving over soft basal material. Their model indi- 
cates that the system responds rapidly but in a stable manner to 
imposed perturbations at the grounding line. 
It appears, then, that there is little observational or modeling 
support for the Jakobshavn Effect as proposed by Hughes [1986, 
1998]. That is, reducing the back pressure at the grounding line 
does not necessarily lead to enhanced creep thinning and insta- 
bility of the grounded portion of outlet glaciers. This does not 
imply, however, that Greenland outlet glaciers cannot undergo 
rapid change. As the mass balance studies referred to earlier in- 
dicate, parts of the Greenland ice sheet may be undergoing im- 
portant, albeit possibly short lived, changes. Many model studies 
VAN DER VEEN: GREENLAND RESPONSE TO EXTERNAL FORCING 34,057 
indicate that changes in basal conditions may alter the flow re- 
gime and greatly increase ice discharge velocities with conse- 
quent thinning. 
6. Discussion 
Kinematic wave theory provides an expedient ool for study- 
ing the response of glaciers and ice sheets to climate forcing. 
Because perturbations on a reference state are considered, the 
particulars of the dynamical f ow regime of the ice sheet (such as 
sliding relation, partitioning of flow resistance, tc.) need not be 
explicitly known. Rather, these are incorporated through the pa- 
rameterization of the reference ice flux or longitudinal velocity 
profile. In this study, surface speeds measured along Petermann 
Glacier are used to account for the dynamics of the ice sheet, but 
other profiles could be used to reflect different flow regimes. 
The resulting equation for the time evolution of thickness pertur- 
bations is readily solved numerically without the need for large 
CPU time. 
In the present model, if constant width is assumed for the 
flowband, the greatest response to uniform accumulation forcing 
is found at the divide. Near the glacier terminus or grounding 
line, the perturbation thickness is smallest, due to the advection 
of excess mass across the grounding line. Incorporating the vari- 
able width of the drainage basin, and in particular the funneling 
of ice into the outlet •ord, results in an amplification of the re- 
sponse in the lower reaches. In all cases the timescale of adjust- 
ment is of the order of a thousand years or so. 
Adjustment of ice discharge to altered surface accumulation 
becomes important soon after imposing the perturbation. The 
rate of thickness change is greatest immediately after changing 
the surface mass balance but decreases rapidly over the course of 
the next few centuries. Krabill et al. [1999] find that interior 
parts of southern Greenland are thickening by more than 10 cm 
yr -1 while eastern outlet glaciers appear to be thinning atrates 
exceeding 1 m yr -1 Such rates could be explained asresulting 
from a mass balance forcing similar to profile a in Figure 9, 
which would imply a very recent and substantial increase in 
snowfall in the interior and enhanced ablation near the coast. 
There are, however, no supporting data to corroborate this possi- 
bility, and, in fact, model studies of recent changes in precipita- 
tion over the ice sheet suggest a decrease in annual snowfall 
[Bromwich et al., 1998]. Nevertheless, assuming the current 
pattern of thickness change is in response to recent changes in 
surface mass balance, the model results presented here indicate 
that the rates of adjustment, in particular the large thinning rates 
near the coast, should decrease markedly over the next few dec- 
ades. 
The major shortcoming of the kinematic wave approach is the 
decoupling of perturbations in ice flow from the reference state. 
That is, the dynamics of the reference state are assumed to remain 
the same. To evaluate the glacier's response to major changes at 
its perimeter, more complex time-evolving models that include 
calculation of all relevant stresses controlling ice discharge are 
needed. 
A number of authors have suggested that reduction in back 
pressure xterted by a floating ice shelf or ice tongue may lead to 
increased discharge from the interior [Bentley, 1984; Hughes, 
1986, 1998; Mercer, 1968, 1978; Thomas, 1979; Thomas and 
Bentley, 1978; Thomas et al., 1979' Weertman, 1974). While 
most of these studies apply to the marine-based West Antarctic 
ice sheet, Hughes [1986] argues that a similar instability mecha- 
nism, which he termed the Jakobshavn Effect, may act to desta- 
bilize parts of the Greenland ice sheet. The trigger for instability 
according to Hughes is increased calving, possibly caused by en- 
hanced surface melting. It is argued here that stabilizing effects 
not permitted in the models referred to above may slow down, or 
even halt completely, catastrophic collapse. First, a major calv- 
ing event may not lead to substantial reduction in back pressure 
at the grounding line if lateral drag increases to compensate for 
the reduction in back pressure caused by shortening of the ice 
tongue. As shown, only a moderate increase in lateral drag 
would be required to achieve this. Considering that lateral drag 
may be expected to increase as the ice velocity increases, this ap- 
pears a plausible stabilizing effect. Second, modeling studies do 
not support the grounding line instability hypothesis. Models that 
incorporate coupling between ice shelf and inland ice through 
longitudinal stress gradients uggest that ice sheets may be more 
stable to forcings at their grounding lines than sometimes be- 
lieved, and that adjustments in drainage from the interior can for 
the most part compensate for grounding line effects. While com- 
plete removal of a buttressing ice shelf may result in temporary 
increase in discharge across the grounding line, further grounding 
line retreat is quickly halted by increased advection of ice from 
the interior. 
In conclusion, if the observed thickness changes on the 
Greenland ice sheet are in response to changes in surface mass 
balance, it may be expected that the rates of thickness change will 
decrease over the next few years. However, since there is no 
supporting climatological evidence for important changes in 
snowfall and/or ablation (sufficiently large to lead to thickness 
changes of the observed magnitudes), it appears that the ice sheet 
is dynamically adjusting to other forcings, including perhaps in- 
ternal instabilities. One suggested mechanism, the Jakobshavn 
Effect, is challenged here and argued to have a minor effect on 
glacier discharge, if any. This suggests hat dynamic hanges in 
the ice sheet have a different origin. It may be that recent 
changes in basal conditions under the outlet glaciers have led to 
an increase in glacier speed through enhanced sliding. Without 
further investigations, including determining if changes in speed 
have taken place, the causes for observed patterns of change in 
Greenland cannot be identified unambiguously. However, the 
present study indicates that two potential forcings, namely, kine- 
matic adjustment to mass balance forcing and the Jakobshavn Ef- 
fect, are unlikely causes. 
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